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Abstract

The aim of this paper is the construction of a topological group; for this purpose we have taken a
space whose elements are elliptic functions (doubly periodic meromorphic functions). And we have
focused on the set of all elliptic functions of the same periods.
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Introduction:

A topological group is a topological space
X', which is also a group, in which the group
multiplication and the taking of inverses, are
continuose[1,2]. More precisely, the maps
w:XxX — X defined by w(g,h)=gh,

i:X —> X defined by i(g)=g7'; g.heX,
are continuous[1,2]. Sahleh and Sanatee in
2008, show if the topological fundamental
group of X, is compact then it can be
embedded in the inverse limit of discrete
groups[3]. Also Dehkordy and Malek
Mohamad in 2010 presented a generalized
necessary and sufficient condition for a
topological fundamental group to be discrete
[4]. In this work we concentrated on the set
E ('the set of all elliptic functions of the same
periods, on the field of complex numbers.),
which is defined in [5], that contains an
analyticaly study of this set. A function
f:C—>C, withtwo periods 2w;and 2wg,

the ratio Z—VV://lof which is not real, is called
3

doubly periodic[6]. A function that is analytic
inaregion D, except for polesin D, is called
meromorphic in D[7,8]. A doubly periodic
meromorphic function is called elliptic. A
function which is analytic every where on the
whole plane C is called entire[7,8].

Proposition 1:  Let f(z) and g(z) be
two periodic functions on C (the set of all
complex numbers) of fundamental
periods a=a+if and b=a'+ip’

respectively, where «,a', and p' are

real numbers and a=b. Then we prove
some cases that f and g have the
common periods.

Proof: Case 1: If {a,:_ﬁ, , a,a',p and

p' areintegers and g.cd.(a,a’) =1, then
the common period is d =a'a=ab .

a:ﬂ . ! !
, s aa,pand g are

a =
integers and g.c.d(a,a’)=c=1, then the
common period is d =a'a/c=ab/c.

Case 2: If {

Case 3: If {aiﬂ and
a' =
a. If a=kb , where k is integer then
d=a.
b. If b=k'a , where k' is integer then
d=b.
Case 4: If {aiﬂ an
a' = p'
a.lf a=kb , where k=r/s ; r and

s are integersand g.c.d(r,s)=1 then
d=sa=rb.

fi, fj e Fui# i, j=12,-3, b. If b=Ka

where k'=r'/s" ; r' and s’ are integers
and g.cd(r',s) =1 thend=sb=ra
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Case 5:
If both « and «' are zero and both A and

S’ are rational numbers then we find the
common period for fand g depending

on the theorem (the addition and
multiplication of two periodic functions
with rational period will also be periodic).
Again we depend on this theorem if g

and pg’are zero and « and «' are rational

numbers . ¢
Remark 2:

It is obvious that the set E is closed
under the operations: addition,

subtruction, multiplication, division by
non zero divizor, and differentiation.

To satisfy the objective of this paper,
we costruct a set F and take two subsets
of it, then a suitable topology on F,
depending on these subsets. Let F be the
set of all elliptic functions in which for
every f,geF either f,geE or there

exists a relation between their periods as
follows:
For simplification we denote the periods

of f and g by 2w;,2wy and 2w ,2w;

respectively. Either 2wy =2w; and
2wz,2wy  satisfy one case of the
Proposition 1. Or 2w, =2w; and
2wy,2w; satisfy one case of the

Proposition 1.
Let F; be the set of all non-entire elliptic

functions in F, E; be the set of all non-
entire elliptic functions in E, and
o ={p{fi} fi e Fii =12, 1 {{f;, f}};
{fi fj. O fi £y, f e Fiz j2k=i;
i,j,k=12-}- F,F}.
Lemma 3:

The topological
multiplicative group.
Proof:

From definition of F it is clear that
each pair f,g of elements of F has two

common periods and consequently f-g is

space (F,:) is

doubly periodic of this two periods then
f.geF. Easily we can show the

associative law satisfies. Since f(z)=1 is
in F, and 1.g=9g-1=g, VgeF. Also
for each feF in which f s not

identically zero then % is also in Fand

f-%zé-le. Hence (F,:) is
multiplicative group. ¢
Remark 4:

Let {fn}er; then f,eF, and
ie F, consequently {i}e 1.
i fm
Theorem 5:

The function i:(F,71) = (F,71)

defined by i(f) =% is continuous.

Proof:

We must show that i is continuous
function at each element of F. For this
purpose we choose f,, e F arbitrary, then

i(fm)zfi. Again since f,eF S0,
m
fnefF or foeF—-F. If f, eF then

by Remark (4), fie F, and for the

m
71 —open set (neighborhood)
1

smallest
fm m

neighborhood G, ={f,} of

there exists a

f, ,» such

that i(Gn) =i({fn}) £} =No

then i(G,,) = Ny, therefore the function
i is continuous at all f,, e F; (since f, is
arbitrary). If f,¢F (f,eF-F), then

the only 71 —open set which contains fi
m

is Np=F itself and also the only
71 —open set containing f,, is G, =F.
Since i(Gy)=i(F)=FcF =N, then

88



(JZS) Journal of Zankoy Sulaimani,2010,13(1) Part A

A iy (MNVPE 0 Y 0) -, larbe 35015 5,658

i(Gyy) < Ny, - Therefore i is continuous at
all fneF-F. Hence
i:(F,) > (F,7q) s continuous
function. ¢

Proposition 6:

Study the continuity of the function
w:(FxF,r5)—>(F,7;) on a topological
space FxF, in which w(f,g)=f-g;
v(f,g)e FxF,and

o ={a.{{(f;, F))B(fi, fj) e P x Fy;
=121 ) (fgL fD

(fi, £5). (fi, fr) e Fox By (fy, ) =

(fi, fi)i Bk 1 =12, 1 {{(f;, ;)
(fic, T, (Fs £ (Fi £5),(F, 1),
(fn, fr) e By x Fy; (f;, fj);t

mn=212-}- F xF,FxF}

First we assign the space F xF by its
elements which is as below
FxF={(fj, f;) i, fj e Fii,j=12,-- }cle-
arly each pair (f;, f;) e F xF takes one of
the following three forms:

1. (fi,fj); fij, fj are both entire

elliptic functions in F .
2. (fj, fj); fij, f;are both non-entire

elliptic functions in F .
3. (fj,fj) ; oneof f; and fjis entire

elliptic function and other is non-entire
elliptic functionin F.

It is obvious that form 2 construct the
elements of FixFp, because

Fux Py ={(fi, ) fi. fj e Fisi j =223

that  means FixF cFxF. Let
(f,g)e FxFthen w(f,g)=f-g, since
(F,-) is multiplicative group by Lemma 4
f.geF. Again since (f,g)e FxF then
either (f,g)eFxF or
(f,g)e FxF-FxF. If (f,g)eFxF
then f.g is doubly periodic of the two
common periods of f and g and also

meromorphic functions, hence f.-geF;.
The smallest 77 —open set (neighborhood)
containing f-.g is N ={f.g}, and for
this neighborhood there exist a 7o —open
set G ={(f,g)}in FxF containing (f,g)
such that
o(G)=o{(f,9))={f -g}={f-g}=N
then w(G)c N . Since (f,g) is arbitrary
and N is the smallest 7; —open set
containing f-gthen @ is continuous at
any point of FixF. If
(f,g) e FxF —F xF then (f,g) is either
of the form 1 or of the form 3. Clearly if
(f,g)is of the form 1, the only 7, —open
set containing f-g is N=F and
corresponding to this neighborhood there
exist an open set G=FxF in 7o such
that w(G)=w(FxF)=F cF =N, then
®(G) < N . But for the case when (f,g)
is of the form 3 that means one of f and
g is non-entire elliptic function so is
f-g. Since for the 71 —open set
N ={f -g} there is no 7, —open set G
containing (f,g), such thato(G)cN
(because for every element (f;, f;) in 7,
we have fiand f; are both non-entire
elliptic functions). Hence ® is not
continuous on F xF . O

If we look at this problem precisely
it’ll be clear that » is not continuous at
the elements (f,g) in FxF in which f

or g is entire elliptic functions. We take
advantage from this outcome for
construction of a topological group. For
this purpose we define the two subsets
M and P of F and the two topologies 73
on Mand 4 on M xM as follows:
M=FRU{L, P=(F-E)U{ =M -Eq,
r3 ={p.{fi}; fi e P;i=12,--}{{f;, f;};
fi, fj € P;i * j;i, j =1,2,~-'},
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Wh fy Rk fi £, fi e Pri2 ek 2 i;
i, j,k=12..}..,P,M}, and

4 ={g H{(fi, T (fi, fj) e PxP;
=121 {{(f5, 7). (Fe, D

(fi, £3).(fi, f1) e PxPi(fi, £5) = (fy, f1);
Lk, =12, 3, {{(f;, fj)

(fic, f1), (P F) B (Fis £5), (i, 1),

(fm, fn) ePxP;(fj, fj) =

(f, f)) = (fm, Fn) = (Fi, F5);
i j,k,Ibmn=212--}-- PxP,MxM}
Theorem 7:

(M, ., r3) is atopological group.
Proof:

Since 73 is a topology on
(M, z3)is a topological space, and
Similar to Lemma 4 easily we can show
(M,-) is a multiplicative group. [by the
combination of the two continuity

conditions, a single condition will appear
which states that the function

M,

io:MxM — M, given by iw((f,g)):%,

for (f,g) e M xM is continuous]. For
(f,g)eM xM ,since M is multiplicative
group, in which the inverse of any element

f is given by % o) ie M . Also we can
g

say that (f,g) e PxP or
(f,9)eMxM -PxP.For (f,g)ePxP,

r e P then for the smallest 73 —open set
9

N ={é} containing é there is a
74 —openset G ={(f,g)}such that
iw(G)=iw({(f,g)})={é}g{%}=N SO

io(G)cN.Andif (f,g)eMxM -PxP
then either f and g are both non-entire
elliptic functions in E; or one of them is
non-entire elliptic function in E; and

other equals to 1 (entire elliptic function).
In the both cases for the only 73 —open

set N =M which contains f there exists
g

a 74 —openset G=M xM such that
io(G)=io(MxM)=M cM =N, so
io(G) < N . Hence iw is continuous
functionon M xM . And
consequently (M , ., z3) is topological
group. ©
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