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Abstract 
     The aim of this paper is the construction of a topological group; for this purpose we have taken a 
space  whose elements are elliptic functions (doubly periodic meromorphic functions). And we have 
focused on the set of all elliptic functions of the same periods. 
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Introduction:  
     A topological group is a topological space 
X , which is also a group, in which the group 
multiplication and the taking of inverses, are 
continuose[1,2]. More precisely, the maps 

XXX →×:ω  defined by ghhg =),(ω , 

 defined by ; XXi →: 1)( −= ggi Xhg ∈, , 
are continuous[1,2]. Sahleh and Sanatee in 
2008, show if the topological fundamental 
group of X, is compact then it can be 
embedded in the inverse limit of discrete 
groups[3]. Also Dehkordy and Malek 
Mohamad in 2010 presented a generalized 
necessary and sufficient condition for a 
topological fundamental group to be discrete 
[4].  In this work we concentrated on the set 
E ( the set of all elliptic functions of the same 
periods, on the field of complex numbers.), 
which is defined in [5], that contains an 
analyticaly study of this set. A function 

  with two periods and , 

the ratio 

∞→ CCf : 12w 32w

3

1
2
2
w
w of which is not real, is called 

doubly periodic[6]. A function that is analytic 
in a region D , except for poles in D , is called 
meromorphic in D [7,8]. A doubly periodic 
meromorphic function is called elliptic. A 
function which is analytic every where on the 
whole plane C  is called entire[7,8]. 
 
Proposition 1:     Let  )(zf   and    )(zg be 
two  periodic  functions  on   C (the set of all 
complex numbers)      of   fundamental    
periods  βα ia += and    b  

 

βα

βαα ,, ′  and

′i

respectively, where      β ′ are 
real  numbers and ba ≠ . Then we prove 
some cases that 

+′=

   f and     g  have the 
common periods. 

Proof: Case 1: If   
⎩
⎨
⎧

′β=′
=

α
βα

; βαα ,, ′  and   

   β ′ are integers and   1),.(.. =′ααdcg , then 
the common period is  bad αα =′= . 

Case 2: If
⎩
⎨
⎧

′= β
β

′
=

α
α

; βαα ,, ′  and        β ′ are 

integers and  1),(.. ≠=′ cdcg αα , then the 
common period is  cbcad // αα =′= . 

Case 3: If
⎩
⎨
⎧

′≠′
≠
βα
βα

and    

a. If kba = ,  where      k is integer then  
ad = . 

b. If akb ′=   k  ,  where ′ is integer then      
bd = .  

Case 4: If
⎩
⎨
⎧

′≠′
≠
βα
βα

an    

 
 
a. If   kba = ,  where   srk /= ; r  and    

 s are integers and      1),(.. =srdcg then 
rbsad == . 

 
},,2,1,;;, 1 L=≠∈ jijiFff ji  b. If  akb ′= ,  

where   srk ′′=′ / ; r ′  and    s′
1

are integers 
and ),(.. =′′ srdcg    then arbsd ′=′=    
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Case 5: 
If both α  and α′  are zero and both β  and 
β ′  are rational numbers then we find the 
common period for and  f g  depending 
on the theorem (the addition and 
multiplication of  two periodic functions 
with rational period will also be periodic). 
Again we depend on this theorem if β  
and β ′ are zero and α  and α′  are rational 
numbers .  ◊
Remark 2:  
    It is obvious that the set E  is closed 
under the operations: addition, 
subtruction, multiplication, division by 
non zero divizor, and differentiation. 
     To satisfy the objective of this paper, 
we costruct a set F  and  take two subsets 
of it, then a suitable topology on  F , 
depending on these subsets. Let F  be the 
set of all elliptic functions in which for 
every  either  or there 
exists a relation between their periods as 
follows: 

Fgf ∈, Egf ∈,

For simplification we denote the periods 
of   and f g  by  and   
respectively. Either and  

 satisfy one case of the 
Proposition 1. Or  and  

satisfy one case of the 
Proposition 1.  

31 2,2 ww ′ 31 2,2 ww′

11 22 ww ′=

33 2,2 ww ′

33 22 ww ′=

11 2,2 ww ′

Let  be the set of all non-entire elliptic 
functions  in 

1F
F ,    be the set of all non-

entire elliptic functions  in 
1E

E , and 
};,{{},,2,1;};{{,{ 11 jiii ffiFff L=∈= φτ  
;;,,};,,{{ 1 ikjiFffffff kjikji ≠≠≠∈

},,},,2,1,, 1 FFkji LL= . 
Lemma 3:  
    The topological space ),( ⋅F  is 
multiplicative group. 
Proof:  
    From definition of F  it is clear that 
each pair  of elements of  gf , F  has two 
common periods and consequently gf ⋅  is 

doubly periodic of this two periods then 
Fgf ∈⋅ . Easily we can show the 

associative law  satisfies. Since  is 
in 

1)( =zf
F , and ggg =⋅=⋅ 11 , . Also 

for each 
Fg ∈∀

Ff ∈  in which  is not 

identically zero then 

f

f
1  is also in F and 

111
=⋅=⋅ f

ff
f . Hence  is 

multiplicative group. 

),( ⋅F

◊  
Remark 4:  
    Let 1}{ τ∈mf  then , and 1Ffm ∈

1
1 F
fm

∈  consequently  1}1{ . τ∈
mf

Theorem 5:   
    The  function ),(),(: 11 ττ FFi →  

defined by  
f
1  is continuous. fi )( =

Proof:  
    We must show that  is continuous 
function at each element of 

i
F . For this 

purpose we choose Ffm ∈  arbitrary, then 

m
m f

fi 1)( = . Again since  so, Ffm ∈

1Ffm ∈  or 1FFfm −∈ . If  then 

by Remark (4),  

1Ffm ∈

1
1 F
fm

∈  and for the 

smallest  −1τ open set (neighborhood) 

}1{
m

m f
N =  of 

mf
1  there exists a 

neighborhood }{ mm fG =  of   ,  such 

that 

mf

m
mm

mm N
ff

fiGi =⊆== }1{}1{})({)(  

then  , therefore the function 
 is continuous at all  (since  is 

arbitrary). If 

mm NGi ⊆)(
i 1Ffm ∈ mf

1Ffm ∉  ( f ), then 

the only 

1FFm −∈

−1τ open set which contains 
mf
1  

is FNm =  itself and also the only 
−1τ open set containing  is G . 

Since 
mf Fm =

mm NFFFiGi =⊆== )()( , then 
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mm NGi ⊆)( . Therefore i  is continuous at 
all . Hence 1FFfm −∈

),(),(: 11 ττ FFi →  is  continuous 
function. ◊  
Proposition 6:  
    Study the continuity of the function 

),(),(: 12 ττ FF →× Fω  on a topological 
space FF × , in which gfgf ⋅=),(ω ;  

, and  FFgf ×∈∀ ),(
;),()};,{{(,{ 112 FFffff jiji ×∈= φτ  

)};,(),,{{(},,2,1, lkji ffffji L=  
≠×∈ ),(;),(),,( 11 jilkji ffFFffff  
),{{(},,2,1,,,);,( jilk fflkjiff L=  
),,(),,()};,(),,( lkjinmlk ffffffff  

≠×∈ ),(;),( 11 jinm ffFFff  
,,,,);,(),(),( lkjiffffff jinmlk ≠≠  

},,},,2,1, 11 FFFFnm ××= LL  
    First we assign the space FF × by its 
elements which is as below  

},2,1,;,);,{( L=∈=× jiFffffFF jiji cle-
arly each pair  takes one of 
the following three forms: 

FFff ji ×∈),(

1. ; ,  are both entire      
elliptic functions in . 

),( ji ff if jf   
F

2. ; , are both non-entire       
elliptic functions in 

),( ji ff if jf

F . 
3.   ;  one of   and is entire 
elliptic function and other is non-entire 
elliptic function in 

),( ji ff if jf

F . 
It is obvious that form 2 construct the 
elements of , because 

 
that means . Let 

then 

11 FF ×
},2,1,;,);,{( 111 L=∈=× jiFffffFF jiji

FFFF ×⊂× 11
FFgf ×∈),( gfgf ⋅=),(ω , since 

 is multiplicative group by Lemma 4 
. Again since 

),( ⋅F
Fgf ∈⋅ FFgf ×∈),(  then 

either  or  
. If 

11),( FFgf ×∈

11),( FFFFgf ×−×∈ 11),( FFgf ×∈  
then  is doubly periodic of the two 
common periods of  and 

gf ⋅
f g  and also 

meromorphic functions, hence . 
The smallest 

1Fgf ∈⋅

−1τ open set (neighborhood) 
containing  gf ⋅  is , and for 
this neighborhood there exist a 

}{ gfN ⋅=

−2τ open 
set )},{( gfG = in FF ×  containing  
such that  

),( gf

NgfgfgfG =⋅⊆⋅== }{}{)}),({()( ωω  
then NG ⊆)(ω . Since  is arbitrary 
and  is the smallest 

),( gf
N −1τ open set 

containing gf ⋅ then ω  is continuous at 
any point of . If 11 FF ×

11),( FFFFgf ×−×∈  then  is either 
of the form 1 or of the form 3. Clearly if 

is of the form 1,  the only 

),( gf

),( gf −1τ open 
set containing gf ⋅  is  and 
corresponding to this neighborhood there 
exist an open set 

FN =

FFG ×=  in 2τ  such 
that NFFFFG =⊆=×= )()( ωω , then  

NG ⊆)(ω . But for the case when   
is of the form 3  that means one of   and 

),( gf
f

g  is non-entire elliptic function so is 
gf ⋅ . Since for the  −1τ open set 

}{ gfN ⋅=  there is no −2τ open set G  
containing , such that),( gf NG ⊆)(ω  
(because for every element  in ),( ji ff 2τ  
we have and  are both non-entire 
elliptic functions). Hence 

if jf

ω  is not 
continuous on FF × . ◊  
      If we look at this problem precisely 
it’ll be clear that ω  is not continuous at 
the elements  in ),( gf FF ×  in which  
or 

f
g  is entire elliptic functions. We take 

advantage from this outcome for 
construction of a topological group. For 
this purpose we define the two subsets  
M and P  of F  and the two topologies 3τ  
on  M and 4τ  on  MM × as follows: 

}1{1 UFM = , 111 }1{)( EMEFP −=−= U ,   
};,{{},,2,1;};{{,{3 jiii ffiPff L=∈= φτ

},,2,1,;;, L=≠∈ jijiPff ji  
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;;,,};,,{{ ikjiPffffff kjikji ≠≠≠∈   
},,...},...,2,1,, MPkji = , and 

;),()};,{{(,{4 PPffff jiji ×∈= φτ  
)};,(),,{{(},,2,1, lkji ffffji L=

);,(),(;),(),,( lkjilkji ffffPPffff ≠×∈  
),{{(},,2,1,,, ji fflkji L=

),,(),,()};,(),,( lkjinmlk ffffffff  
≠×∈ ),(;),( jinm ffPPff  

);,(),(),( jinmlk ffffff ≠≠  
},,},,2,1,,,,, MMPPnmlkji ××= LL  

Theorem 7:  
    , . , M( )3τ  is  a topological group. 
Proof:  
    Since 3τ  is a topology on M , 

),( 3τM is a topological space, and   
Similar to Lemma 4 easily we can  show 

 is a multiplicative group. [by the 
combination of the two continuity 
conditions, a single condition will appear 
which states that the function 

),( ⋅M

MMMi →×:ω , given by 
g
fgfi =)),((ω , 

for  is continuous]. For 
, since 
MMgf ×∈),(

MMgf ×∈),( M  is multiplicative 
group, in which the inverse of any element 

 is given by f
f
1 , so M

g
f
∈ . Also we can 

say that PPgf ×∈),(  or 
PPMMgf ×−×∈),( . For , PPgf ×∈),(

P
g
f
∈  then  for the smallest −3τ open set 

}{
g
fN =  containing 

g
f  there is a 

−4τ open set  )},{( gfG = such that 

N
g
f

g
fgfiGi =⊆== }{}{)}),({()( ωω  so 

NGi ⊆)(ω . And if  
then either   and 

PPMMgf ×−×∈),(
f g  are both non-entire 

elliptic functions in   or one of them is 
non-entire elliptic function in    and 
other equals to 1 (entire elliptic function). 
In the both cases for the only  

1E

1E

−3τ open 

set MN =  which contains  
g
f  there exists 

a −4τ open set MMG ×=  such  that 
NMMMMiGi =⊆=×= )()( ωω , so 

NGi ⊆)(ω . Hence ωi  is continuous 
function on MM × . And 
consequently , . , M( )3τ   is  topological 
group. ◊
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